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A basictheoryofgeneralizedlinearizedsupersonicconicalflow
forbothinsideandoutsidetheMachconewasdevelopedandappliedto
severalspecificproblemsincludingunsteady-flowconditions.A tz5-
angularlif%ingwinginpitchingandrollingwithbothstisonicand
supersonicleadingedgeswasinvestigatedandpressurecoefficients
wereobtained.A familyofthinsweptbacktriangularwingshavingsym-
metricalthiclmessdistributionwasalsoinvestigatedandanalytic
expressionsforwavedragandpressurecoefficientsweredetermined.
Valuesofwavedragcoefficientswerecalculatedandtheresultspre-
sentedgraphically.Thistheorystemsfroma fundamentalideaof
Mr.G.N. Ward.
INTRoDUCTION
Of themethodsandtheoriesoflinearizedsupersonicflowoneof
themostproductiveofresults‘tiectlyapplicabletoaerodynamicprob-
lemshasbeenthetheoryof conicalflow. Conicalflowreferstoflow
in~tichthepressureperturbationa dvelocitycomponentsareconstant
alongstraightfies orrayspassingthrougha fixedpoint;forsuch
flowtheassumptionoflinearityisnotneededandnorilinearconical
flowsareofgreatpracticalinterest.In thegeneralizationof conical
flowpresentedin thisreport,however,thelinearizingassumptionsare
necessaryandtheusualwaveequationof steadylinearizedsupersonic
flowwillbe considered.
In generalizingtheconceptof conicalflowattentionisfocused
onthehomogeneityof thesolutions’withthevertexas origin.In
regularconicalflowthesolutionsforthevelocitycomponentsare
homogeneousofdegreeO,whilethecorrespondingvelocitypotential
whosegradientisthevectorvelocityishomogeneousofdegree1. In
generalizedconicalflowsolutionsmaybe consideredforwhichthe
velocitypotentialishomogeneousofdegreen withthevelocitycom-
ponentshomogeneousofdegreen - 1. Thequantityn, calledthe
degreeofthegeneralizedconicalflow,mayusuallybean integerbut
doesnotneedtobe. A furthergeneralizationcomesfromsuperposition
of solutionsofdifferenthomogeneity.
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It isthepurposeofthisreporttopresenthebasictheoryof
generalizedlinearizedconicalflowasdevelopedfroma fundamentalidea
ofWardandtoillustratethetheoryby someaerodynamicapplications.
Theparticularelementsoflinearized supersonic-flowtheorywhichwill
be neededarepresentedinbrief.Thepointofviewusedintheanalysis
isthatusedinreference1,wk@chthus=ybe considereda basicrefer-
enceforthisreport.Someoftheessentialstepsh thedevelopment
arethesameas thoseintheconical-flowtheoryofGoldsteinandWard
(reference2). Fora carefulandthoroughinvestigationanddiscussion
oftheconical-flowtheorythereaderisalsoreferredtotheworkof
Lagerstrom(reference3). Foran investigationfgeneralizedconical-
flowtheoryfromquitea dHferentpointofviewreferencemybe made
to thetheoryofGermin(reference4). Noattemptismadetogivemore
thanthemostrecentreferencesas quitecompletebibliographiesmaybe
foundinthereferenceswhicharecited.
Thecoordinatesystemusedis theright-handedsystemusedh
references1 to 3 with’thethirdcoordinateinthefree-skreamdirection.
Thereareseveraladvantageswhichmaybe claimedfor’thisparticular
orientation:Thetimelikepositionin thewaveequationis delegated
tothelastcoordinate;inaccordancewithcustomrynohtionwiththis
equation;thevariablesx and y appearonan equalbasis;andwith
x takenas thelateralvariablea flatwingappearshorizontalonan
x-y projection.Theprticipaldisadvantageisthatthefirstcoordinate
doesnotappearintwo-dimensionalequations.Theinvestigationreported
hereinwasconductedat BrownUniversityuriderthesponsorshipandwith
thefinancialassistanceoftheNationalAdvisoryCommitteeforAeronautics.
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U,v,w perturbationvelocitycomponents
a angleofattackoroflocalslope ,
Y ratioof.specificheats .-~ -
CL liftcoefficient
CD dragcoefficient
m obliquetransfomtionparameter
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.
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f,g arbitraryfunctions
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ELEMENTSOFLINEARIZEDSUPERSONICFLow
BasicFlowEquations
Withtheusualassumptionsof zeroviscosityandheatconduction,
fitialirrot.ational.ityandisentropy,uniformstagnationenthalpyand
fluidcomposition,andnobodyforces,itmaybe shownthatthefluidis
always&rotationalandisentropicandthatthereexistsa velocity
potentialq whosegndientisthevecjmrvelocityoftheflowfield.
Forsteadyflowthisquantitysatisfiestheequation
() (1)a2v29= (Vq)v $&_
where a isthelocalspeedof soundinthemedium,definedas
()a2=9 aP~
If theflowconsistsofa uniformflow
(2)
ofvelocityV withvelocity
of sounda. whichis slightlyperturbedthepotentiaiequationmaybe
expressedapproximtely,withtermsofan orderhigherthanO in the
perturbationdropped,intheform
%&Tn+(l-M2)Qzz=0 (3)
.
J
—- .— . .—.
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where
5
Twoprincipalassu@ions
izedpotentialequation.
M= V/a. (4)
arenecessaryforthevalidityofthislinear-
Theseare:
(1)Thelateralvelocityperturbationcomponentsmustbe smll com-
paredwith ao. Thisrequiresthatthequantityal!be smll compared
withunitywhere a isthelocalinclinationftheflowat anypoint.
Thusflowswithsmallvaluesof a arenotnecessarilyinearizedfor
largeM inthehypersonicrange.
(2)Theaxialvelocityperturbationcomponentmustbe smallcom
paredwith IV-aol. Thisconditionwouldmostimmediatelybe expres-
sibleintermsofrestrictions{onthepressureperturbation.However,
boundaryconditionsareusuallysetin termsofflowinclination,and
theappropriateconditionwhichappearsfromthetransonicsimilitude
theoryisthat
(?
Y+
— be smallcomparedwithunity.
-2
Withsuchsingularitiesas occurat subsonicleadingedgesorvortex
sheetedgesoneorbothoftheseassumptionsfaillocally.
Exceptin thehcompressibleorlow-speedrangeM <<1 thesetwo
assumptionsrequireautomaticallythattheflowinclinationa itself
be smallcomparedwithunity,permittingtheboundaryconditionstobe
linearized.Fora surfacelocallyparal.leltothex--s theboundary
conditionwouldbe
J (.5)
where a hereisthelocalticlinationfthesurfacetotheprincipal
flowdirection.Withflowinthelow-speedrangethelinearizedpotential
equationisvalidwithnonlinearorunlinearizedboundaryconditions.
Thelinearizedpotentialequationis consideredtobe an equation
fortheperturbationpotential.ThethreeCartesianderivativesofthis
potentialarethethreeperturbationvelocitycomponentsu, v, and w.
Theperturbationpressure,ordifferencebetweenthelocalpressureand
thatinthefreestream,isexpressed
(6)
.
-..–— .-z-. ..— . — .._. -..—
. . . . . .
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Thetermsin u and v, althoughnonlinear,areproperlyincludedand
necessaryh general;theskepticnmyattempto satisfythecondition
of zeronormalpressuregradientona cticularconeat zeroincidence ,,’
withouthem.However,formanycasesofimportanceand,indeed,for
allthoseexemplifiedh thisreporttheadditional‘iplanar-systemttor
~lmean-surface’lssumptionholds,andthepressuretermsin u and v
areproperlydroppedleavingthesimplifiedpressurequation
p = -pVw (7).,1
Thisadditiomlassumptionis-discussedbelow,
Mean-SurfaceAssumption
Theuseful-additionalrestrictionherediscussedhasbeenpreviously
madeby mostinvestigatorsundertheteminolo~-of‘lplanarSystem,ll
IIquasicylinder,ii‘iflatbody,llIlmeanSurface,iiandothers.In itsmost
generaIformitisassumedthattheboundaryconditionsona bodymay
be satisfiedat appropriatepointsona meansurface:Thismeansurface
mustbea partofa generalcylinderwithz-s directti;thatis,
mustbe everywhereparalleltothez-axis.In orderfortheass~tion
tobevaliditis necessarythatthebodycloselyapproximatehemean
surfaceandthattheticlinationfthebodysurfacetothemeansurface
be small.Thecasewherethebodyisa wingandthemeansurfaceisthe
xz-planeistheonemostconnuonlyencountered.
,,
Theimportanceofthisadditionalassumptionis thatitgivesa
directcorrespondencebetweenthesuperpositionbf solutionswiththe
samemeansurfaceandthecorrespondingbodyshapes.Theassumption
alsoinsuresthevalidityofthesimp~iedpressurequation(7).
Prandtl-Glauerthnsfomtion
Ifwiththeaxialvariablesunchangedthe-lateralvariablesare
transformedbg
..
x~=@=L. , ‘ (8a)
ZY “@ = M2 (8b)
thepotentialequationbecomes
..
— ——— ——
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whichis ofthesameformaseqpation (3) withtheIkch
C. Wheretheplanar-systemormean-surfaceassumption
itispermissibleto set
,1=C19
7
numberequalto
isapplicable
(lo)
thisrelationleavingtheangleofattack,thicknessratio,andsoforth
unchangedunderthetransformation.However,theremustbe a changein
aspect-ratio,gapratio,andsoforth
.
Rt=filR
andthereisa changeh theappropriateliftanddrag
%’ =@= CL
%’ = -1 ‘cl)
.
(n)
coefficients
(12a)
(12b)
In thegeneralcasewherethemean-surfaceassumptionisinvalid
thefactorh equation(10)mustbe (M2- 1), withthesamefactor
appearingin equation(12a),andthefactor(M2- 1)3/2,in equa-
tion(12b).Theangleofattackandthiclmessratioarechangedbythe
factor{MT”.
In theanalysishenceforthit isassumedthattheMachnumberequals
fiso thattheprimesin equation(g)aredropped.Reductionofthe
.
/
resultsto othervaluesoftheMachnumberis carriedoutby theequa-
tionsgivenabove.
Oblique‘Ikansformation
Theusefulobliquetransfomtionis essentiall.yaLorentztrans-
formationandwasfirstappliedto-steadysupersonicflowbyJones
(reference5). Thetransformationisintheindependentvariables
x=Ax’-‘r) (1*)\
. . . . —— .— -————. — .———— --.—.- ——
-. — ——. —
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z‘6++”‘m’) (ljb)
Y=Y’ (13C)
<
ThesetransformationformanAbelimgroupwiththeinversetrans-
for@tionobtainedby changingthesignof m. TheCartesianvelocity
componentsobeytheinversetransformationlaw
‘=*(”’’m’)‘ ok)
= J_(w: +ml)
‘ii=
~=~1 (14C) “
,,
Threeotherpropertiesofthistransformationaretheinvarianceofthe
hyperbolicdistance,theJacobianofthetransformationbeingunity,and
thehomographicformofthetransformationfor x/z:
R={-$= z+’ - (X1)2- (yI)2 (15’a)
‘co‘J(53’“
()xl— -m
()
~=
‘1
z
1
()
xl
-m—
‘!
(?%)
(15C)
.
\
—.. _ __ _
——— — —-. ...—- —
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SymmetryConsiderations
Where.themeansurfaceisa planeanda planarsystemexistsitis
convenientto separatethepotentialwithregardto symmetryin the
y-dixection
‘?=w3+’TJa . (16a)
(16b)
(16c)
Thesymmetficpartcorrespondstothethiclmessdistributionfthe.body
underconsideration;theantisymmetricpart,tothemeancamberandlfit
distribution.Both ps and Pa satisfythepotentialequation5di-
viduallyanditispossibleto treatthetwopartsseparatelyand
independently.
Wherethemeansurfaceis symmetricalwithrespecto thex-axis
considerationsof,l.ateralsymmetrymaybe applied.Witha laterally
symmetricthicknessor camberdistributionthepotentialandpressure
solutionsarelaterallysymmetric;witha laterallyantisymmetriccamber
distributiona antisymmetricliftdistributionresults.
SupersonicandSubsonicEdges
Theedgesofa mean-surfaceplanformareconvenientlyclassified
accordingtothelocal-floworientation.Thefree-streamvelocitymay
be consideredtobe composedoftwoperpendicularvelocitycomponents,
a normaloneperpendicularto theedgeanda tangentialoneparallelto
theedge. Thenorml one,takenpositivefromtheregionofftheplan
formontotheplanform,isdividedby thespeedof soundin thefree
streamtogivea normalMachnumber~. If thisquantityispositive
theedgeis termedlead@; ifnegative,traji~. If itsmagnitudeis
greaterthan1,theedgeis supersonic;H lessthan1, subsonic.If
Mn = O theedgemybe calleda (subsonic)sideedge.
Thenatureoftheedgeas indicatedby this-classificationstrongly
affectsthenatureof solutionsfortheflowfield.TheKutticondition
preventinganhfinitebehaviorof13ftingsolutionsmustbe appliedon
allsubsonictrailingedges. .
—. -————. .
_ . .——— .— — — -— ——
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SOLUTIONSHOMOGENEOUSOFDEGREEO
As a preliminarytoexpressingthegeneralizedconical-flowsolution
thepropertiesof solutionsto thewaveequationwhicharehomogeneousof
degreeO arestudied.Denotingthequantityofinterestby T, witha
changeto cylindricalcoordinates,thewaveequationmaybe expressed
Txx+Tyy-Tzz= o (17a)
1
‘rr+~Tr+ ~ Tee -Tzz=or2 (1P)
Withthenewvariable
t = r/z
introducedtoreplacer, thefunctionT mud be a functionof t
and e alone.Theequationfor T becomes
tql - t2)Ttt + t(l - 2t2)Tt + Tee = O (18)
Ina similarmmner thehomogeneoussolutionstotheequationof
characteristics
satisfytheequationof
TX2 + TY2- Tz2=0
characteristicsofequation(18)
tql
.
Theinteriorandexteriorof
Machconeinterior.-In
coordinate
(19)
- t2)Tt2
theMach
thecase
‘t Te2=0 (20)
conearetreatedseparately.
oftheMachconeinteriorthe
s = sech-lt
_——
—— —
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is introduced
11:
andthewaveandcharacteristicequationsbecome
T~s -1-Tee = o (22a)
(Ts- iTe)(Ts + iTe) = O (22b)
Introducingthecomplexvariablee oftheorighalBusenmnlinearized
conical-flowtheory
E =exp(s+ie) (23)
thesolutionsto equations(22)may
T= f(e)
T = f(c)
be expressed
+ g(E*) (24a)
or g(6*) (24b)
where f and g arearbitraryanalyticfunctions.Ofinterestforthe
presentpurposearetheparticularfunctionsc, E*, {, and C*,
where
(25)
Theprincipalreasonfortheuseof thisfunctionisthatfor 0 = O it
isrealandequalto t andfor t = 1 itis realandequalto sece;
thisgivesitthenatureofa physicalcoordinatefora flatwing.
Machconeexberior.-In thecaseoftheM&chconeexteriorthe
followingcoordinateis introduced
0= sec-lt (26)
Thewaveandcharacteristicequationstaketheform
‘cm -Tee=o
T02_Te2=o
(27a)
(m)
—- .——. —~ —.—
12
.
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Introducingthecharacteristiccoordinates
el= e+~
e2=e-0
thesolutionsmaybe expressed
(28a) ‘
(28b)
T = f(el)+g(e2) (29a)
T = f(el) or g(e2) .(29b)
Theparticularsolutionsoftiterestaresimplyel and f)2.
TheCartesianderivativesof T are functionswhicharehomogeneous
ofdegree-1. FunctionsproportionaltotheseCartesianderivativesare
neededwhicharefunctionsof T aloneandhencehomogeneousofdegreeO
a(T)_ P(T) y(T)
—=—
‘x ‘Y ‘z
(30)
Suchfunctions,providedtheyexist,arenotuniquebut’maybemade
.defMteby arbitrarilyestablishingoneofthem.It is convenientto
dothisby setting
Y(T) =1 (31)
In findingthesefunctionsitisnotnecessarytoinvestigate& or
L* becausethedesiredfunctionswillbe thecomplexconjugatesofthe
correspondingfunctionsfor e and [. Althougha changefrom c to
E*, forexample,doesmke a differenceinthefunctions,a changefrom
6 to T = f(e) willmke no essentialdifference,theformulationi
termsofthedifferentindependentvariablesbeing,ofcourse,changed.
~ outthefi~catedCartesianmferentiationsyields,after
someanalysis,thefollowingresults:
,.,
.
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T a I $
1
--
-Cos (-31 -sin el \
-sinez
Y
1
1
1’
1
On theMch cone, e = eie, L = sece, 01= 132= 0, a = -COSe, and
P = -sin e inallcasei.
GENERALIZEDCONICALFLOW
FundamentalSolutions
Thegeneralsolutionwillbe establishedasfunctionofthe ‘
‘tsolutionpoin‘1(xo,yo,zo)inte~ ofan integraltakenovervalues
$of’the‘targumenpointll(x,y,z).ThedesignationsTo and T are used
forthevaluesofthehomogeneousquantityofinterestT at the solu-
tionandarg&entpoints,respectively.A newbasicvariableisdefined
asa functionofthesepointswhichvanisheswhentheycoticide:
~ = %)a(T) + y#(T) + ‘09’(T) (32a)
Eo= for T = To (32b)
wherethevariablevanishesas a resultofEuler!s~ormuhforhomogeneous
functionsofdegreeO
~x-py-ry.tzrz=
andequation(3~).Thefundamentalideaof
‘tionanduseofthisnewbasicvariable.
o (33)
Mr.G. N.Wardwasthedefini-
- .. . .— —~. — —. ———— .—-—— —.————.— -———— -
Thegeneralizedconicalsolutionmaynowbe expressed
f
o
T(%>Yo#o)= g(~,T)dT
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(34)
wheretheabsenceofthelowerlimitindicatesthattheintegralisan
indefiniteonewiththeusualarbitraryconstant.In theexteriorof
the~ch conethegeneralsolutionisthesuperpositionof solutionsof
theformofequation(34)with Clland e2 chosenfor T. In the
interior a realsolutionis obtainedby taldugtherealpartofa solu-
tionwith T equalto ~ or ~, amountingtoa superpositionofa
solution(equation(34))withitscomplexconjugatesolution.
Thatequation(34)doesgivea solutionofthewaveequationis
easilyascertainedby carryhgouttheindicatedMferentdationsand
usingthepropertiesof equations(17a),(19),(30),(32a),and(32b).
Theessentialrestrictionson g arethatithavefirstandsecond
derivativeswithrespecto ~ andthatitbe analyticin T within
theMachcone. Thevelocitycomponentsareexpressed
(3!%)
J‘o ad~>T)Vo = Pyo = T~. i3(o,To) + P(T)— dT (3%)a[
To
J’
ad&T) dT
‘o = %0 = Tozo doYTo) + Y(T) —
a~
(3%)
Formostcasesofphysicalinterestg(O,T)= O andthefirstterms
(homogeneousofdegree
-1)inequations(35)donotappear.
Thesolutionprocedureisdividedintothreeparts:First,the
solution~streamfromthevertex~erior totheMachcone,~ there
isany,istobe found,thenthesolutionex%eriorto theMachcone
downstreamfromthevertex,andfinallythesolutionwithinthedown-
streamMachcone.In eachcasethesolutionfoundintheprevioustep
providesboundaryconditionsforthepartofthep~oblemathand. The
solutionh theupstreamMachconeisassumednull.
.—. —
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Oblique
Theobliquetransformation
!hansformation
isappliedby equatinga knownsolution
ofthewaveequationinthecoordinatesx, y,andz toa solutionin
thecoordinatesxl,y~,andz1. Thisgivesa newsolutionexpressedin
termsoftheprimedcoordinates
9(X,Y,Z) =9*(XY,Y’YZ’) (36)
Thebehaviorofthevariousbasicvariablesunderthetransformationis
firstobtained.‘hevariables[, cos e, and cos ez all obeythe
sametransfomtionlawas does t cos(3=x/z inequation(l~c).Thus,
cos ell - m
Cos01 =
1- m cos ell
(3P)
cos e21 - m
cos ez = (37C)
1- m cos e2:
The quantityc alsofollowsa homographictransformation,buto~e
whichisthesquarerootoftheother
m
Thequantities
casesprovided
(37d
a and ~ followthe~ transfomnationlawsh all.
thattherelationy = 1 is maintained
-.. ..-— ... . —— .—— —- -——- ——————
———— ——-——
. .—
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‘.
Withtheseresultsit is easyto showthat
wherethe 5s is
nates,with yi =
Thesolution
(38b)
(38c)
> l+muf
definedint~esamewayinter& oftheprimedcoordi-
1. ,
in theprimedcoordinates
ToI
J’@(%*5YotYzot) = gI(~l>Tl) dTl (39)
maynowbe expressedintermsofthefunctionT(T1) expressedby equa-
tions(37),andrelation(36)=Thedesiredrelationis givenby
(40)
Equations(35)connectingthevelocitycomponentsmaybe usedas a check.
conicalFlow .
Thelinearizedconical-flowtheoryisobtainedimmediatelyby
setting
!Ihisleadsto the
foundbyBusemann
df(T) “
g(~,T) = ~— (m)dT .
usual expressiqpsfortheinterioroftheMachcone
w= R@(c.fl (42a)
,+
——
—
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.= RZ(-J‘;;’j)
.
ortheanalogousexpressionsin C
u
(J )
=Rz- %
c
.=.(_ifq?.)
FortheexterioroftheMachcone
w= fl(el)+ f’(e’)
17
(h’b)
(MC)
(43a)
(h3b)
(43C)
(4M
u
J
=- Coseldfl-
J
cos e’ df’ (m)
v =-J’Sh el dfl -JSiII e2 df2 (h-k)
Thusthewell-knownlinearizedsupersonicconical-flowtheory
appearsasa specialcaseofthetheoryherepresented.
Second-DegreeConicalFlow
Thecasewhichis ofmostinteresthereisthatforwhichthe
potentialishomogeneousofdegree2,with
—. -— —-—— .————— —--—
18
~2 df(T)
g(&,T) ‘.——
2 d-r
thiscorrespondingto
‘YZz = ~f(T)
Notingontheplane y = O that
()toE=zo-~=zo l-T
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(45)
thevelocitycomponentsmy
coneandon y. = O as
be expressedintheinterioroftheMach
— —
(46)
(47)
(b&)
(48c) .
In theexterioroftheMachcone,againontheplane y. = O, the
analogousexpressionsare
W=ZO
~ J 1(1 -t. cos q) dfl(el) + (l-t. cos 02) df2(e2) (49a)
[Ju’zo - cos el(l - to cos el) dfl - J’ 1“COSe2(l- to cos ez) dfz (49b)
[/’
.,
v.zo _ sti el(l - to cos el) dq - J sin e2(l - 1tocos e2) df2 (49c)
—— —— —-
NACATN2657 19
As isthecasewithproblemsin conicalflow,theprocedureis to
ftida functionf so thattheprescribedboundaryconditionsare
satisfied.Thequadraturecorrespondingtotherelationsgivenabove
areneededto
toillustrate
wings of
completetheproblem.Theexamplesworkedoutbelowserve
themethod.
ROLLINGANDPITCHINGWINGS
GeneralConsiderations
triangularshapeinsteadyrollingandpitchingmotionare
nowconsidered,withtheapexofthetriangleleadingandwitha straight
supersonictrailingedge.Onlythecaseswithlaterals~etry arecon-
sideredbutcasesof~wed wingsmaybe obtainedbya suitableuseofthe
obliquetransfomnation.Suchsolutionsareantisymmetricnthesense
ofthesectiontitledlISymmetryConsiderations.llForthewingin
reversedflowthemethodsofthisreportdonotwork. However,the
pitching-androlllirr.g-momentdampingcoefficientsof theoriginalwing
applyforthereversedwing,as shownby thereversed-flowtheoremsof
Brown(reference6)and,h stillmoregeneralform,ofUrsellandWard
(reference7).
In orderforthesteady-stateequationstobevalidthemotionmust
be steadyin thatthelocalangleofattackata pointonthewingis
constant.Forpitchingmotionthisreqtiesthattheflightpathbe
curvilin-r;forrollingmotion,thattherolllirrgan ularvelocitybe
constant.In thesecasestheproblemisidenticalwitha problem’in
directflightwiththeangleofattackproportionalto z or x.
Wheretheseconditionsarenotmetbutwheretheseconderivatives
withrespectotimemaybe neglectedthe‘quasi-steadytheorymy be
used.In thecasesherediscussedtheanalysisis similarto thatof
thesteadymse andthesamefunctionsappear.
TriangularWingswithinMachCone
Thechoiceofthefunctionf(~) in thecasesinvolvinga triangular
wingwithlateralsymmetrywithintheMachconeismadethroughthe
followingconsiderations:
(1)
c=%
(2)
inorder
Thefunctionf mayhaveatworst’s-3/2-powersingulatityat
theleadingedgesofthe,tig
Thefunctiondf~d~m’sthaveat leasta doublezeroat ~ = O
thattheinteg~lsfor ,U’<and v converge
, I
. ——.——— — ——.- ——
— ——.——. -–.——
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(3) The functionf mustbeboundedforlargevaluesof ~,
correspondingto theintersectionftheMachconewiththeplaneof
thewing
(4)Lateral-_etryconsiderationsrequirethat f be an even
functionof ~ inthepitchingcaseandan oddoneintherollhgcase
Thefunctionsarethusexpressed,
as
fq(O ‘Aq
apart-froma
k’-~2)3’2
inthepitchingcaseand
fp(c) =Ap
@ - ,’)3/’
multiplicativeconstant,
(50)
(m)
intherollingcase. Theremainderoftheproblemconsistsofthe
carryingoutoftheappropriatequadraturein orderto evaluatethe
arbitraryconstantsintermsofthephysicalproblemandto obtainthe
destiedvelocitycomponentorpressuresolutions. .
Thequadratureneededto establishthearbitraryconstantsarethe
appropriatermsfromtheexpression
[f- (O+yy%iv(~,O,zo) =RZ -i
orintermsofthepitchingandrolll@angularvelocities
Vq
[
r [2/~2q=.-z=Rz~q 1‘m(t#_,2)5/2 ‘c
Vp
[
-Rt5Apt12f
m-rep.-_.
%
‘m C12 - ~2Y’2‘:
(52)
(53a)
(53b)
,
—
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Theseintegrals areevaluatedbymeansofJacobilsti@nary
~ i-
=—
s
intermsofwhichtheintegralsbecome
PI ~ds
q=
-AqJo
I 1P = -Apt12o
d
where
S2 ds
-~ - (W235’2
(tp)z =1- t12
91
c-l-
transformation
(54)
(5%)
(55)
(%)
Theseintegralsmaybe expressedthroughtheclassical,althoughlengthy,
methodsof ellipticintegrals.Theresultingexpressionsare
-sqt~z(l- tlz)
Aq =
(1- 2t12)E~(t~)+ t~2K~(t~) (57a)
-3pt#(l- t~2)
(57b)
Thepressureontheuppersurface
as
~ isgiventhroughequation(7)[12t~2- tzPu = pVAqz l/2Stlqtlz-tz) . (~8a)
-—. ——._. ..—..- -— ——— -— -.
—..
.—
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‘Cpv’’z[it+d ,
(58b)
Thepitchingresultsrmybe combinedwiththewell-knownconicalsolu-
tionto,obtaindamp~ coefficientsaboutaxesotherthanthatthrough
thevertex.Thequasi-lineartheorymaybeappliedtoobtaintheappro-
priatenonsteadyresults.
Theexpressionsgivenhereagreewiththoseofreference8 inall
perttientdetails..Considerationofthesymmetricsoluticmswith n = 2
withspecfiiedpressureona winginsidetheMachconeisincludedin
theappendix.
TriangularWingsoutside~ch Cone
Thetriangularwingwithsupersonicleadingedgesis characterized.
by thetangentoftheanglewhich“theleadingedgemkes withtheflow
tiection,suit-ablyreducedaccordingto
tionandthecorrespondingvalueof (31
Takingtheright-handsideof
tl = sece.
thesolutionrmybe expressed
L
thePrandtl~lauerttransforma-
thewingsothat
(59)
f2=o
= o, el>eO
intheform
q(2 - qz)
- eo)-
1
l(eo-el) (60a)
(t~z- 1)3/2
— — ..—
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[
tf t12
1.
‘%=p(qz -~) 5(’1-‘0)- ~t12 _ @ 1(’0-‘1) ‘@b)
where 6 is theDiracdeltafunctionand1 istheunitstepfunction.
Thisleadstotheexpressionsforthepressureon theupperright-hand
surfaceofthewing
P~.=
&tsidetheMachcone
,.)
1pvq [(t12- 1tf)z -x
(t~z- 1)3/2
q2
Pu = pvp 3/2(2- tlx)
(t~z- 1)
(6h)
(61b)
forthepitchingandrollingcases,respectively.Correspondingresults
holdfortheleft-handsideofthewing.
ForthesolutionsintheinterioroftheMachconeit ismostcon-
veniento considertherequiredformforthefunctionsqp and qw
inthetwocases.A conside~tionofthesingularitiesleadstothe
results
(62a)
whencetheformof thefhction df/d~my be obtained
.— . . ———
-.
—. ..-..— —
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fql({)s_:
Applicationfequation(&) thengives
faceofthewing
—
tl tl
—. 1(63b)(~ - tl)2 ‘.(L + tJ2
thepressureontheuppersur-
1
P~‘pvq
t
,,2-2%&Tla +
W(tlz-1)
c 1W-t f)z-x .Os”l l-+tl+t
.
[ 1
}.
1 +tlttl(z-tlz)+x Cos-1—
t~+t
t~z
P~=pvp
[
(z-tIx) Cos-1- -
t~-t
I@ - 1)3/2
(6b)
(641)
Theseresultscheckwiththoseofpreviousinvestigators,forexample, “
reference8. It maybe readilycheckedthatequations(64) fitequa-
tions(61) at t = 1 andthatequations(63)areconsistentwith
equations(60)ontheMachcone.
— — ——
—
—
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wave
FAMILYOFSWEPTDELTAWINGS
Themethodsgivenabovehavebeenappliedto thecalculationfthe
dragofa familyofthinwinEsat zeroincidence.ThesewinEsare
symmetriclaterally~ndhavea sy&netricthiclmessdistribution;~hus
theresultingsolutionforthevelocitypotentialhasthesamesymmetry
andthereareno liftforcesonthewings.Theplan-foreshapeisa
quadrilateralwithtwooftheverticeson theaxis,sothd thewing
appearsas a deltatig withsweep.
Withtheoriginat theforwardvertex
isgivenby theeq~tion
of thewingtheleadingedge
(6%)
where tl isa parameterindicatingtheanglebetweentheleadingedge
andtheflowdirection.If themum chordon thecentralaxisis co
and t2 isa similarparametergivingthetrailingedgedirection,the
trailingedgeis
If thew5ng
wingontheplan
where T is the
givenby theequation
(6%)
hasa circular-arcprofiletheuppersurfaceof the
formmustbe givenby
Y+ -J#(tiz-J+),hx,) (66)
thiclmessratioofthecentralsectionand MO) = 1.
Thelowersurfaceofthewingis givensimplybythenegative’~f-this
expression.Fora wingwithconstanthicknessratiothefunction~
mustbe
+
Sincesucha wingcannot
flowsthechoiceismde
“( t’2 + tq= 1 -—
\ tztl
be represented
herethat
~=1
-)lx! ‘1co (67)
by a finitenumberofhomogeneous
(68)
—. —. ———.— —— ——-— --
—
26 NACATN2667
Thefamilyofwingstobe investigatedhasthethiclmessdistribu-
tiongivenby
2T
( )(
lx] 1X1
Yu=<z-— )
co-z-—
tl tp
forwhichtheboundaryconditionis
It maybe noted
direction,this
~Yu 2T
(
t’2- tl52 =— = — co- 22+ —
v az co tpt~
lx)
(69)
(70)
thatsucha winghasconstantcurvaturein theaxial
being
a%
-—=
a22
Thesolutionmaybe consideredto
&
co
(71)
consistofthreeseparateparts
correspondingto the-threetermsintheparenthesesofeq&tion(70).
Theftistoftheseisa conicalflowofa typemuchutilizedin delta-
wingcalculationsandthesolutionwillnotbe expressedhere. Theother >
twoareofthesecond-degreeconical-flowtype,onewith qm = O and
@V
.-—
‘v
(72a) -
co
andtheotherwith QW = O and
(7’2b)
Thefirstofthesetwosolutionsofthesecondegreeis,for
tl>1 andthewinglyingoutsidetheMachconeof thevertex,identi-
calwiththepitchingsolutionoftheprecetigsectionwith
q_4N ‘ . (73)co
— ——
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Forthepurposeof comparing
than1 thepressuresolution
solutionswith tl greater
(64a)maybe rewrittenas
27
thanandless
PU-4TPV2 1
{
-2t1j~l JZX2 +co 3/2ll(tp - 1)
[tl(2- tlqz - 1x tan-l-
tl(2- Jt12)Z + X &n-l
c 1 thecorrespondingsolutionis immediatelyForthecasewhere tl
obt.aimedfromequation(7k)
[ 1tl(2- tlz)z-x tanh-1&T~”1- tlt
[(t12- 1tlz)z+ x tanh-1
}
{1~~ ~~
1 + tlt (74.b)
Forthesecondsolutiontheresulthassomesimilaritiesto the
rollingcaseoftheprecedingsectionwith
2TVtl- tz
P =——
co tltz (75)
–—— --.—————-.——. —=— --——— — .—. —— —--- —-
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handsideand
coneequation
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exteriorto theMachconebeingidenticalontheright-
of oppositesignontheleft.In theinterioroftheMach
(62b)mustbe replacedby
thenewsingularityat ~ = O appearingbecauseofthediscontinuous
behaviorofthederivativeof 1x1. Thusequation(63b)isreplacedby
Withthisformulandrehtion(75)thepressuremy be expressedfor
tl>l as
2TpV2tl-t2 1Pu=—— [
-2tl~~l 1G2 +
co V2 .(tp - 1)3/2
tf(z - tlx)tan-l
t12(z+ tlx)tan-l
Correspondingly,for tl<
2TpV2”tl- t2pu = — ._,
co tltz
f7=m-
1 - tlt
l-+tlt _
+
.
1
—
lf(l-
tlz(z- tlx)tanh-1
tlz(z+ tlx)tanh-1
{C--2 Ji=7
1- tlt
(78a)
(78b)
—
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Thereminderof theproblemistomultiplythesepressuresby the
localangleofattackandtoaddtheresultsoftheintegrationsof
theseproductsovertheareaofthewing. Thenumericalworkinvolved
inthisprocedurewhichyieldsthedragis exceedinglyong”andtedious
andnoattemptwillbemadeheretorepeatanyofthesecalculations.
Theanalyticalresultsforthedragofthissystemofbodiesaregiven
directly.
Thedraggiven forthisfamilyofbodiesby striptheoryincluding
the ~fi factor,whichiswhatthedragshouldapproachforvery
largeMachnumbers, my be expressedby
.
(79)
in termsof thedragcoefficient.Thisislessthanthetwo-dimensional
valuefora circular-arcairfoilbya factorof1/2becausethethick-
nessratioisnotconstant,varyinglinearlyfrom,azerovalueat the
wingtipstothereferencevalue T at theroot.Forconveniencethe
dragsareallrepresentedastheratioofthedragcoeffictinttothis
referencefictitiousvalueobtainedfromstriptheory.
Theresultsaregivenbelow.Thenewparameters is introduced,
s = tl/t2 (8o)
whichisgeometric, independentof M fora certainwing.For
l<tl<~ and l<]t21,
(1 - S2)
cD/cDo= [ 2(1+ 3s2) 1- 2S - ST
Tl(l- Sp
~[ 1-s2 s(t# - 1)—
[
2s(3 + s2) l+&-
1( )
F1 _tl./ t~w-l t.1
1-s2 (t/-1)
m’
2 (1- S2)2i-
S(tqz- 1) S2(%2 1}-l)(t#-1)
7 2s
-t
t# - 1
(81)
..— .— ..— —— — ——. —.
.——— .—-——— ..— —.
30 NACATN 2667
This resultmustbe specializedby suitablelimitingprocesses
special cases:
Casea: where tl = 1 and tz = 1/s,
(~2-26s3
Case~: where l/t2= O
—
Casey: where t2=
1
Case5: where tz=
~cDo= 2 ~13
Tl(tlz -
-tl
-s2 -4s3
1
- .4)
ands=O,
tltan-y= 1 1
3/2
-J
Trtl(tlz - 1)
Tr(tp - 1)
and S = -1 (sweptwingof constant
%-Cd’Do=m’
tland S=l,
in several
-+
chord),
(84)
—
(t16 _2t14+ lot12-
—
4)~:Jy)+
1;tl(3t14 -28t12+ 10)
Case(a-~): where l/t2= O and tl = 1,
c~c~
2
=1+
— = 1.21220 3TT
(82)
(83)
(W)
(86)
—
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Case(a- 6): where tl= t2= 1,
(87)
Theseformulas,withthegeneralrevedsed-flowtheoremfordrag
(reference1),givethetheoreticalwavedragcompletelyforthecase
inwhichbothleadingandtra.ilirzged esaresupersonic.Thecasein
whichbothedgesaiesubsonicliesoutsidethescopeofthepresent
analysis.Forthecaseinwhichoneedgeis subsonic-andtheother
supersonic,withoutlossofgenera~”tyasfaras thedragis concerned,
theleadingedgemaybe requiredtobe thesubsonicone.
Thedrag coefficientsforthecase 0< tl<1 mybe represented
as thesw oftwoterms Cm + ACD, where Cm isthewag coefficient
as calculatedby formulas(81) and(83) withthereplacement
(88)
andthe ACD isan incrementaldragterm. MS incrementaltermmay
be expressedfor O c tl<1 and 1< lt21as
- {1+AcD/c~o= ~;l-S:)3-2(1+3s2)-1-E?
t2 *-,@= m1(1-2s-s2 1[+tltz 1
s(t# - l)J\ J
+ 1 ‘
1- tf’)
d
.,
(89)
. . — — -- ——.. . .. ——-..—
— — ______ .— ___ —.— —..—.—— ————.—
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\ Forthespecialcaseslimiting
Case~: where l/t2= O and
NACATN 2667
opmationsareagainnecessary:
s = o,
[
/=7 I 2%(2 - tlz)AC~CD = : -2tan-l
(]
1
-i- loge (90)011 tl - 3/2 q
tlfi~~ -(1 - q)
By thestratagemoftitroducingtermsoftheform ]s] thetworemainhg
specialcasesmaybe expressedtogether.In thesecasesthe Cm term
isalsoneeded.For
Casec: where t2= land tl=s,
andfor
Casetc:where t2=-1 and tl= -s,
. t
cJ@o = 1 -(1*+ 8s - S
11(1- S)3
2+2S3)F’>Y)’
- \
1~(1 + 4S+ s2+ 26s3- 2s4)d
A~~ =
0 .(~~l:l(l - .)2L
-$1- 2s- S2)(1- S)2-
(s3- 2S + 8s2
Althoughtheactualdrag
by addingthetwoterms,
displaythemseparately.
( 32s2(1+ S)(2+ 3s2)loge ~)+s3+ 1s! (91b)12-s
coefficientintheselasttwocasesis obtained
itis convenientforcomputationalpurposesto
.
— —
—— ——.
5F
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Calculationsbasedonthe.foregoingformulashave
s = *1, k@/2, ~/2, *1/~, and (). Fi~e 1 shows
-33
beenmadefor
thegeometryof
thef~y of~s’ ~der ‘co&ideration.Figure2 showsa plotof-
l/tl agatistl/t2 toillustratethewayinwfichtheparametersare
related.Figures3 to 7 givethedragcurves,plottedlogarithmically
againsttl, resultingfromthecomputations.Thecalculatedvalues
of @Do, including
tableI.
Itmightbe noted
thegreatestcaremust
functiontan-l.
theincrementaltermfor tl< 1, are given in
thatinusingtheseformul&’forcomputation
be takento~hoosethe
APPLICATIONTOUNSTEADY-FIOW
BasicEquations
correctbranc~ofthe
PR BLEMS
Thevelocitypotentialinunsteadylinearizedflow,afterthe
applicationfthePrandtl-Glauertt ansformationwhichleadsto equa-
tion(9),maybe expressed
inwhichthetimecoor~te isdefined
a. doesnotappearh theequation.A
titroduced
#tt +
m— @tz
M2_l
as an t’knesthe
(92)
time,so that
newfictitioustimeva~ble is
-r=(@-l)t”’-Mz (93)
whichleadstotheequation
?%x+@yy
Thepressureisexpressedby
,.
,. t.,-
. ..! P,,.,
‘ -.“-
.Poqo:, ,,
therelations
,,., .
,,
..”,
=-Moz+@t-
.-.
.“. .::(9+),....,. .-. ,
.- ..—. ——— ——.._ .——— -— - .. . . . ~. _ . —
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-,
(9%)
wherethederivativeswithrespect to z are takenwith t constant
andwith T COIIS_bDt, reSpOCtiVOly.
Quasi-StationaryTheory
Thequasi-stationarytheoryis obtainedby assumhgthatterms
involvingtheseconderivativewithrespectotimemaybe neglected,
orthatonlythefirsttwotermsina powerseriesin t needbe con-
sidered.Thus,
O=qo+ M—z~+ J@l (96b)M2-1 M2_l
Denoting
9 = o(~) (97)
.
as thesolutiontotheproblemintermsofthespecifiedboundauvalues
of qy-ontheplanfo& ofinterest,
@ () (%)‘0’KT+M2:10z
(%)=Ocp M [( )Ozq+Mul l-y
therere&ts
T+ —o
~2_~ (%)
- zo(,~] + W(Q1,) (98)
MAt t=O thelasttermmaybe droppedbutthetermin — remainsM2-1
asa contributionduetounsteady-floweffects.Thisresultalsomaybe
obtainedby takingthefirsttwotermsina frequencyexpansionofthe
resultsaccordingto theharmonictheory(cf.theresultsofMiles
.
(reference9)).
.
NACA
the
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In pitching androlling motionthe solution
instantaneousangle of attack maybe divided
apart from’that
intotwoparts,
35
dueto
one
totheappropriateangularvelocityproperwhichappearsh the
termandoneduetothetimerateof changeofthelocalangleof
attack whichappearsin the ~~ term. For steadypitching and
rolling motionthe secondtermdoes not appear.Thismybe checkedby
moreaccurateanalyseswhichtaketherotation
intoaccount.
HarmonicMotion
Thesolutionisnowassumedtobeharmonic
inthetime.A reducedfrequencyisintroduced
andthenewpotential
@
k=+
M2.1
functionisintroduced
ofthecoordinatesyst”ern
. eikTq .-e i(C’3t-Mkz)q(x,Yjz)
ofangularfrequency m
(99)
(loo)
Thisfunctionsatisfiestheequation
wx+~-~zz- k2cp= O (101)
. .
whichreducesto
intermsof ~
equation(9) for u = O. Theusualboundag condition
is of the ty_pe
q)y= 0-(=%)
Thepressureis expressed
P
-—
e-id = e-wz(~z - ikq)
P&o
., ,-
(102)
(103)
——-—.— — ——— — - — --
__ _ .——. .
____ ———-
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A solutionisnowsoughtforequation(101)ofa formsimilarto
thatforsteadyflow
~(x05h>zO)‘@@f%,T)dT (104)
where R isthehyperbolicdist.&ce
(105)
and g isconsideredtobe homogeneousofdegreen, sothat
~s?$=ng
A proceduresim51arto thatfollowed
thattheassumedsolutionisvalid”fih
2(n+ 1)
hm+ ‘ “hR+
R
forwhichtheappropriatesolutionis
( .)(@#h=oFln+~; -— =rn4
(106)
in thesteady-statecaseshows
satisfiestheequation
k2h= O (107)
Jn+l(kR)
)
+? i
2 1
()
n-l--
lW 2
Z’
.
(1o8)
Thisapproachwassuggestedby theparallel’~ositionfGerminand
Bader(reference10).
It is stillpossible,though-the-practicalitymightbe questioned,
to expressa solutionintermsofa generalfunctionoftwovariables.
Noti& that h
h=
thesesolutions
maybe expressedas - ,.
( )Jn+ ;. Cos (kRsine))sinh+l (3 df+
n!fi O ,-
(109)
maybe superposedto obtaina singleoneoftheform
—
_.—— ——
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%,YO%) =J’”f’”g(E -Si.n2e,T) dT COS(~ Sille)Sille de (110)o
. .
wherethefunctiong isa newonesuitablyconstructed
ones.
BrownUniversity
Providence,R.I.,August13,1951
fromtheold
.
.
.- —.. .-. .— _ .-— ————— .—-
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AmENDIx
OFADDITIONALSOLUTIONSOFSYMMETRICWINGS
SincethewritiqgofthisreportLomaxandHeaslet(reference11)
haveshownthatthe&ymmetricsolutionwith n = 2 withspecflied
pressureona winginsidetheMachconeisnotunique.It isof
interestoinvestigatehisfromthepointofviewofthetheory
presentedherein.Thequantityn is equalto ~ + 1 ofLomaxand
Heaslet~stheory.
In theliftsolutionsstudiedinthepresentinvestigati-on,the
f(~) functionswereofthegeneralizedformgivenby
cm =&g(E,c)“
nd()1 (2 2_—to2
where m mustsatisfytheinequality
topreventunallowablesingularitiesontheMachcone.If m isodd
thesolutionislaterallysymmetric;H m is eventhesolutionis
late.mllyantisymmetric.Thenumberof solutionsavailableis ineach
caseequaltothenumberneededto coverthepossiblebehaviorof rpy
onthewing,sothatno eigensolutionsareindicated.
In thesymmetricorthicknesscasethesolutionsareoftheform
.
,
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.
where m nowsatisfiestheinequality
n~m~~
In thiscaseforany n thereis onesolutionavailableinexcessof
thenumiberneededto coverthepossiblebehaviorof Pz ontiewiw,
thusyieldingoneeigensolutionforeachvalueof n. For n oddthe
extrasolutionappearswith m oddandis correspondinglylaterally
antisymmetric.For n eventheextrasolutionappearswith m even
andislaterallysymmetric.In thecase n = 2 thenonuniquenessis
thatfoundbyLomaxandHeasletandthetheoryofthisreportprovides
a completecheckoftheirresult.Thecharacteristicsolutionstill
existswithouthelateralsymmetryaslongasbothedgesaresubsonic
leadingedges.
In theconicalcase n = 1 thecharacteristicsolutionislaterally
antisymmetricandhasnot,totheauthors!knowledge,beenpreviously
found. Forthiscasethesolutionis expressedby
df_ i~ll
—-
“I=f -+$’2
givingthenormlveloci~distribution
V=m
This gives forthehalf-thiclmess
AsWaSto
side.It
togivea
RJ
r1 !2-—to2
distributionfthiswing
Y = X cosh
-1~
x
be expectedthisdistributionfthiclmessisnegativeonone
maybe superposeduponthelmownsolutionofconstantpressure
familyof conicalwingssatisfyingthesamebounda~conditions.
__— ——— —-– --—
-.—. -——
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TABLEI
CALCUTATZ.UVALUESOF (j/CDOOR C~/CDO+ ACD/CDO
@/2
0.8M9
.87U
——
.8643
1/2
0.7431
@’/b
——
0.6131
—---
—.
Vb
0.5097
—-—-
2 1
l.11%
1.1228
1.13.5’4
-——
1.1630
1.2122
—-
1.3008”
-—---
1.L754
1.8035
m
-—
1.1101
1.1064
‘1.lo73’
1.0899
1.08u
1.0768
.7287—--—
-— --
——
—--—
1.0434
1.0360
1.0311
1.0236
1.0229
1.0254
1.0328
------
-—---
-- —--
1.0654
1.056C
1.0506
———
--——
—.
.7188
-——
---.—
—.
.7168
—.—
.7301
1.02&3
1.0213
1.0127
1.0125
1.0160
1.1138
-—
1.1285
1.15’52
——
1.2(X)8
1.261.9
1.442
—.
--——
----—
.4940
——
—--
.-—
—.
—-
.4820
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1.0753
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1.09kL
1.11.20
1.15’47
-——
11
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——
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——
.9M7
.9924
—--
1.0427
-——
1.OMD
1.0524
1.069Q
——
.—
.5’989
—-—
——
——-
.~8g8
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FIGURE 1.–WING GEOMETRY.
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